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ABSTRACT: This paper studies the behavior of the normal stresses in associated networks composed of
telechelic polymers under steady shear flow on the basis of a transient network theory. We numerically show
that the first and second normal stress coefficients reveal thickening as a function of shear rate, and that the
sign of the second normal stress coefficient changes depending on the nonlinearity in the chain tension, the
dissociation rate of the associative groups from junctions, and the shear rate. By analytic calculation, we show
that, in the limit of small shear-rate, the sign inversion occurs by the competition between the nonlinear
stretching and dissociation of associative groups. Thus, the molecular mechanism of the sign inversion is
shown to be similar to that of thickening of the shear viscosity. We also show that thickening of the first
normal stress coefficient has a similar molecular origin. The theoretical predictions on thickening of the first
normal stress coefficient, and on the positivity of the second normal stress coefficient are confirmed by
molecular dynamics simulations of a bead-spring model.

1. Introduction

Structure formation and dynamics of associating polymers have
beenof great interest, notonlybecauseof their scientific importance,
but also because of their potential applications in diverse fields such
as paints, coatings, cosmetics, and drug release formulations.1-4

Typical examples are polymers with short hydrophobic chains
attached at both chain ends (telechelic polymers) such as hydro-
phobic ethoxylated urethane (called HEUR),5-13 hydrophobic
poly(N-isopropylacrylamide),14-16 etc. Telechelic associating poly-
mers form flower-like micelles in dilute solution with a core of
associative groups and many petals of loop chains. With increasing
the polymer concentration, they are bridged by intermicellar asso-
ciation of polymers, leading to the formation of transient networks,
where association and dissociation of junctions are possible by
thermal motion of molecules and applied deformations.

The formationof transient networks is considered tobe theorigin
of characteristic rheological properties of this system, which have
been studied in many experimental,5-13 theoretical,17-24 and com-
putational studies.25-28 In the linear regime, the dynamic mechani-
cal moduli shows a simple behavior described by aMaxwell model
with a single relaxation time, which is attributed to the dissociation
of associative groups frommicellar junctions.6,17,18 In contrast to the
simple linear responses, complex rheological properties are observed
in nonlinear regime, such as shear thickening,9-12,19-27 network
fracture,11,27 and strain hardening.10,30-32

From a theoretical viewpoint, theories of transient networks
have been developed to account for the characteristic rheological
properties. The transient network theory was initially proposed
by Green and Tobolsky33 and later developed by Lodge34 and
Yamamoto.35 One of us and Edwards17,18 (referred to as TE)
developed their theory for networks made up of telechelic
associating polymers, and succeeded in explaining the molecular
mechanism of Maxwellian behavior of the dynamic mechanical
moduli and shear shinning behavior of the steady shear viscosity.
Following this paper, to explain the shear-thickening behavior of

the viscosity, the theory has been extended by including the effects
of free chains,19 incomplete relaxation of dangling chains,20,21,23

and nonlinear stretching of elastically active chains.20-24 A
nonaffine transient network theory was also developed to elimi-
nate the assumption of the affine deformation of network
junctions assumed in the TE theory.29

Despite considerable research on the linear dynamic response
and the stationary viscosity as above, no systematic studies on
normal stresses of associating polymers has been reported so far,
except for a few results, i.e., TE18 calculated the first and second
normal stress differences using Gaussian chains, and a few
experimental12 and computational25,26 results on the first normal
stress difference were reported. It is well-known that the normal
stresses play an important role in peculiar rheological phenomena
observed in viscoelastic liquids, such as the Weissenberg effect,
the Poynting effect, etc.36,37 It is interesting to study normal stress
effects in associating polymers which possess characteristic rheo-
logical properties. We therefore study here the normal stresses of
telechelic associating polymers under steady shear flow on the
basis of a transient network theory including nonlinear stretching
effect of bridge chains. In the recent studies,wehave developedan
effective and accurate theoretical method to calculate the stress
tensor from the time evolution equation for the distribution
function of bridge chains appeared in the theory29 and utilized
it for a quantitative comparison between theory and experi-
ment.32We apply it to the normal stresses of telechelic associating
polymers under steady shear flow in the present study.

2. Transient Network Theory

We consider transient networks made up of telechelic polymers
carrying short hydrophobic groups at their chain ends (Figure 1).
Let ν be the number of chains in a unit volume, n the number of
statistical units on a middle chain, and a the size of the statistical
repeat unit. The total length of themiddle chain is given byL� na.

There are fundamentally three kinds of chains in such net-
works: bridge chain (elastically effective chain), dangling chain,
and loop chain. A bridge chain connects two different junctions,*Corresponding author.
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while a dangling chain has one free end. Theremay bemany loops
attached to the junctions, but we neglect them in this study for
simplicity because their effect is only to reduce the number of
chains in the network from the total number given by the polymer
concentration to the effective number governed by the thermo-
dynamic equilibrium condition.

We consider the network subjected under a time-dependent
deformation described by the tensor λ̂(t). Let ψ(r,t) be the number
of bridge chains per unit volume at time twhose end-to-end vector
is given by r, and let φ(r,t) be that of the dangling chain (see
Figure 1). Time evolution of the distribution function of bridge
chains,ψ(r,t), and that of dangling chains,φ(r,t), canbewritten as29

∂ψðr, tÞ
∂t

þr½vψðr, tÞ� ¼ -βðrÞψðr, tÞþRðrÞφðr, tÞ ð2:1aÞ

∂φðr, tÞ
∂t

¼ D1r 3 ½rþ f=kBT �φðr, tÞþ βðrÞψðr, tÞ- RðrÞφðr, tÞ
ð2:1bÞ

where β(r) is the chain dissociation rate of bridge chain, i.e., the
probability per unit time for an end chain to dissociate from the
junction, and R(r) is the recombination rate from a dangling chain
to a bridge chain, i.e., the probability per unit time for a free end to
catch a junction in the neighborhood at the position r. f(r) is the
tension acting on the chain ends. The functional form of β(r), R(r),
and f(r) will be specified in the section of the numerical calculation
(section 3). vh is the average velocity of junctions andD1 is the diffu-
sion constant of dangling ends.

In this study, we assume that the end-to-end vector of a bridge
chain connecting the neighboring micellar junctions deforms
affinely to the macroscopic deformation tensor λ̂(t). Thus, the
average velocity vh of junctions is given by17,18

v ¼ dλ̂ðtÞ
dt 3 λ̂ðtÞ-1rðtÞ

It is possible to take the effect of nonaffinemovement of junctions
into account according to our previous publications,29,32 but the
theoretical treatment for the nonaffine network model is extre-
mely complex. To get a clear physical picture for the normal
stresses in this study, we use the simple affine network model as a
starting point of the study of the normal stresses. The effects of
nonaffine movement of junctions on the normal stresses will be
addressed in our future studies.

The relaxation of dangling ends is described by the diffusion
constantD1 in eq 2.1b. In the present study, we assume, as in TE,
that all the dangling chains instantaneously relax to equilibrium
conformation because the relaxation time of the dangling chains

is much shorter than that of the bridge chains under ordinary
experimental conditions of associating polymers. Therefore, the
distribution function φ(r,t) of dangling chains should fulfill the
condition

ðrþ f=kBTÞφðr, tÞ ¼ 0 ð2:2Þ
Thus, the distribution function is given by

φðr, tÞ ¼ νdðtÞFðrÞ ð2:3Þ
where νd(t) is the number of the dangling chains at time t, and

FðrÞ � Cn exp -
Z r

0

ðf=kBTÞ 3 dr
� �

ð2:4Þ

with Cn being the normalization constant, is the distribution
function of the end-to-end vector.

Let us first find the equilibrium solution of the coupled equa-
tions forψandφunder nodeformation (v(t)=0).The equilibrium
distribution function of the dangling chains is given by

φ0ðrÞ ¼ νd0FðrÞ ð2:5Þ
where νd0 is the number of dangling chains in aunit volumeunder a
quiescent condition. From eq 2.1b, we find that the equilibrium
distribution of the bridge chains takes the form

ψ0ðrÞ ¼ νd0RðrÞFðrÞ=βðrÞ ð2:6Þ
Since the ratio β(r)/R(r) is the equilibrium constant K(r) of the
“chemical reaction” between bridge and dangling states, the above
equation is transformed to

ψ0ðrÞ ¼ νd0Cn exp -
Z r

0

FðrÞ 3 dr
� �

ð2:7Þ

where

FðrÞ � f=kBT þrln KðrÞ ð2:8Þ
is the total force acting on the end of a bridge chain.

We next consider the stationary solution of the coupled
equations for ψ and φ under a shear flow along the x-axis with
a constant shear rate γ·. The average velocity is given by v(t) =
γ·yex. The equation for the distribution of the bridge chains in a
steady state takes the form

_γy
∂ψ

∂x
¼ -βðrÞψþ νdRðrÞFðrÞ ð2:9Þ

where νd is the number of the dangling chains in a stationary state
under the steady shear flow. To solve this equation, we introduce
a function ξ(r) by the definition ξ(r) � ψ(r)/ψ0(r). It gives the
deviation from the equilibriumdistribution in the quiescent state.
Substituting into the above equation and dividing by ψ0(r), we
find the equation for ξ(r) as

_γy
∂

∂x
-

x

r
F

� �
ξ ¼ -βðrÞξþ βðrÞζ ð2:10Þ

where

ζ � νd=νd0 ð2:11Þ
is the number νd of the dangling chains in a stationary state under
steady shear flow counted relative to its equilibrium value νd0
without shear.

Figure 1. Bridge chain with the end-to-end vector r, and a dangling
chain with one free end in a transient network made up of telechelic
associating polymers. Tensions f from the chains act at the micellar
junction.
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Our starting equation is then written in a compact form as

½ _γP̂þ β�ξ ¼ βζ ð2:12Þ
where the operator P̂ is defined by

P̂ � y
∂

∂x
-

x

r
FðrÞ

� �
ð2:13Þ

If ξ(r) is obtained, the ij component of the stress tensor can be
calculated by

σijð _γÞ ¼
Z

dr ðxifjÞðψ0ξÞ ð2:14Þ

The stationary shear viscosity is obtained from the shear stress σxy

ηð _γÞ ¼ σxyð _γÞ= _γ ð2:15Þ
The normal stress differences are also obtained from the normal
stresses as

N1 ¼ σxx - σyy ð2:16aÞ

N2 ¼ σyy- σzz ð2:16bÞ
In the following discussion, we use the normal stress coefficient
Ψi defined by

Ψi ¼ Ni

_γ2
ð2:17Þ

3. Numerical Results of Shear and Normal Stresses

In order to overview the behavior of the normal stresses, we
present the typical results obtained by the numerical calculation
of eq 2.12. We first specify the functional form of β(r), R(r), and
f(r) for numerical calculations. The chain dissociation rate β(r) is
assumed to be22,24

βðrÞ ¼ β0ðTÞ½1þ g~f ð~rÞ2� ð3:1Þ
where β0(T) is the thermal dissociation rate, g the coupling
constant between the dissociation rate and the chain tension,
and ~r � r/L. In the work by Green and Tobolsky33, the disso-
ciation rate was assumed to be independent of the end-to-end
vector, and hence of the chain tension. We therefore go back
to their theory by fixing g = 0 (referred to as the GT limit).
The dimensionless tension ~f � fa/kBT is assumed to be

~f ð~rÞ ¼ 3~r 1þ 2

3
A

~r2

1- ~r2

 !
ð3:2Þ

The force profile is shown inFigure 2. The parameterA shows the
effect of nonlinear stretching. If A = 0, the chain reduces to
Gaussian. If A = 1, this profile agrees with that of a Langevin
chainwithin a veryhigh accuracy. The nonlinearity increaseswith
the parameter A. Hence, we can study the effect of nonlinear
elongation of the bridge chains on rheological properties of the
networks by changingA. The recombination rateR(r) is assumed
to be constant, and fixed atR/β0= 1. In general,R(r) can depend
on the end vector r.21,23,26 It was shown by the molecular
dynamics simulation27 that the recombination rate is slightly
enhanced by shearing, but the effect is not significant. Further-
more, since the observed rheological properties including shear
thickening can be reproduced by using a constant recombination
rate R as shown in the previous publications,22,24,32 we here use
this assumption as a simplest model.

Typical results obtained by the numerical calculation of
eq 2.12 are presented in Figure.3. In what follows, the numerical
values of the stresses and the shear rate are presented in units of
νkBT and β0, respectively. The shear viscosity shows shear
thinning in Figure 3a and thickening in Figure 3b. In the previous
studies,22,24 it was shown that there is a borderline on the A-g
plane which separates the thickening region from the thinning
one (thickening diagram). Roughly, chain must be highly non-
linear (large A) and the coupling constant must be sufficiently
small (small g) for thickening.

In the case of thinning Figure.3a for the shear viscosity, the
first normal stress coefficientΨ1 also shows thinning. The sign of
the second normal stress coefficientΨ2 remains always negative,
and its absolute value decreases with increasing shear rate.

In the case of thickening Figure.3b for the viscosity, the first
normal stress coefficientΨ1 also shows thickening as the viscos-
ity. The second normal stress coefficient Ψ2 has a positive sign
in the small shear-rate region, and shows thickening at γ·= 1. For
higher shear rates, Ψ2 rapidly decreases and changes its sign at
around the shear ratewhere the viscosity becomesmaximum.The
peak appears first in Ψ2, then Ψ1 follows, and finally η. The
reason for this order will be discussed in section 6.3 in detail.

In case of the viscosity, it was shown that thickening is
caused by the nonlinear stretching of bridge chains22,24. In the
next section, we will theoretically study the molecular origin of
thickening and the sign inversion of the normal stress coefficients.

4. Analytical Solutions by Series Expansion

To study the shear-rate dependence of the stresses at small γ·

analytically, we first expand ξ and ζ in a power series of γ·.

ξ ¼ ξð0Þ þ ξð1Þ _γþ ξð2Þ _γ2 þ 3 3 3 ð4:1aÞ
ζ ¼ ζð0Þ þ ζð1Þ _γþ ζð2Þ _γ2 þ 3 3 3 ð4:1bÞ

Substituting eq 4.1 into eq 2.12, we find that the following
relations hold for each order of γ·:

βξð0Þ ¼ βζð0Þ ð4:2aÞ
P̂ξð0Þ þ βξð1Þ ¼ βζð1Þ ð4:2bÞ
P̂ξð1Þ þβξð2Þ ¼ βζð2Þ ð4:2cÞ
P̂ξð2Þ þ βξð3Þ ¼ βζð3Þ ð4:2dÞ
P̂ξð3Þ þβξð4Þ ¼ βζð4Þ

y

ð4:2eÞ

Figure 2. Tension-elongation profile of the model chain used in the
transient network theory. It is Gaussian for small elongation but reveals
a nonlinear stretching effect characterized by thenonlinearparameterA.
ForA=1, the chain reduces to the Langevin chain with high accuracy.
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By solving eq 4.2 order by order, we obtain

ξð0Þ ¼ ζð0Þ ¼ 1 ð4:3aÞ
ξð1Þ ¼ Θ

rF

β
ð4:3bÞ

ξð2Þ ¼ -
1

β
½F2 þΘ2ðp̂- 2Þ�rF

β
þ ζð2Þ ð4:3cÞ

ξð3Þ ¼ -
1

ν
Θ
rβ0

β2
½F2 þΘ2ðp̂- 2Þ�rF

β

- Θ
1

β
½3F2 þΘ2ðp̂- 4Þ�ðp̂- 2ÞrF

β
- ΘrFζð2Þ ð4:3dÞ

where

ζð2Þ ¼ 1

ν
c20

Z
dr ψ0

r4Fβ0

β3
ð4:4Þ

and β0 and β00 stand for dβ/dr and d2β/dr2, respectively. The
odd-order terms of ζ, i.e., ζ(1) and ζ(3), vanish due to the
symmetry. The fourth-order term ξ(4) is given inAppendixA.
In these equations, angular factors Θ(θ,φ) and Φ(θ,φ) are
separated as the prefactors of the radial differential operator
p̂ on moving to spherical coordinates. Definitions of the
radial opeator p̂ and the angular factorsΘ,Φ are described in
detail in Appendix A. The numerical coefficient c20 arising
from the angular integral is also defined in Appendix A.

Upon substituting these results into eq 2.14, we obtain the
series expansion of the stress tensor with respect to shear rate

σij ¼ σð0Þ
ij þ σð1Þ

ij _γþ σð2Þ
ij _γ2 þ 3 3 3 ð4:5Þ

5. Shear Stress

We first present the results on the shear viscosity. Although
this problem has been already studied in the previous publica-
tions,22,24 the analytical expression for the shear viscosity ob-
tained by our new method is written in a well-organized form
compared to the previous one, which facilitates understanding of
the molecular origin of shear thickening. The consideration on
the shear viscosity is also useful for the normal stresses in the
following sections.

We calculate the series expansion of the shear stress σxy up to
the third order term σxy

(3). Since the even-order terms are zero due
to the symmetry, the shear viscosity is written as

ηð _γÞ ¼ σð1Þ
xy þ σð3Þ

xy _γ2 þ 3 3 3 ð5:1Þ

where the coefficients are explicitly given as

σð1Þ
xy ¼ c20

Z
dr ψ0

r4fF

β
ð5:2aÞ

σð3Þ
xy ¼ c40

Z
dr ψ0

r6fF

β3
f 0

f
-

1

r

� �
F -

F 0

F
þ 1

r

� �

þ c40

Z
dr ψ0

r6fF

β3
β0

β

f 0

f
-

1

r

� �

- c40

Z
dr ψ0

r6fF

β3
β0

β
F -

F 0

F
þ 4

r
þ β0

β

 !
þ ζð2Þσð1Þ

xy ð5:2bÞ

where f 0stands for df/dr. The first term σxy
(1) corresponds to the

zero-shear viscosity η0, which is always positive. The numerical
coefficient c40 is defined in Appendix A.

The shear-rate dependence of the shear viscosity is determined
by the sign of σxy

(3). If σxy
(3) is positive, η increases with shear rate,

which indicates shear thickening. Therefore, we can judge by the
sign of σxy

(3) whether the viscosity shows thickening or not.22,24 In
order to show how the condition for shear thickening depends on
the parameters g and A, we draw the thickening and thinning
regions on theA-gplane inFigure 4on the basis of the signof σxy

(3).
To understand the molecular mechanism of shear thickening,

we focus on the two factors, (f 0/f- 1/r) and β0, in eq 5.2b. Using
the force profile eq 3.2, the first one can be written as

f 0

f
-

1

r
¼ 4A~r

3nað1- ~r2 þ 2A~r2=3Þð1- ~r2Þ ð5:3Þ

This is 0 for Gaussian chains (A= 0) and positive for nonlinear
chains (A > 0). On the other hand,

β0 ¼ 2β0gf f
0 ð5:4Þ

is 0 in the GT limit (g = 0).
By using these properties, we consider some simple cases. In the

GT limit (g = 0) of Gaussian chains (A = 0), σxy
(3) = 0. This

corresponds to the boundary between the thickening and thinning
regions on the A-g plane (Figure.4b). If g increases for Gaussian
chains (A= 0), σxy

(3) becomes negative, which shows thinning. On
the other hand, ifA increases in theGT limit (g=0), σxy

(3) becomes
positive showing thickening. This indicates that shear thickening is
caused by the nonlinear stretching of bridge chains.

In general, the sign of σxy
(3) is considered to be determined by

competition between the nonlinear stretching and the breakage of
bridge chains. The former is characterized by the parameter A

Figure 3. Stationary shear viscosity and the normal stress coefficients for the polymer chain of n = 100 as a function of shear rate (a) in the shear-
thinning regime (A = 1, g = 1), and (b) in the shear-thickening regime (A = 1,g = 0.01).
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and the latter by g. If bridge chains are stretched by the shear defor-
mation, a large tension is createdbecauseof itsnonlinearity expressed
by A. This contributes to the increase in the shear stress. Simulta-
neously, the chain breakage rate becomes large due to the coupling
with the tension, leading to the decrease in the number of bridge
chains, and thus the shear stress. If the effect of the chain stretching is
superior to that of the chain breakage, shear thickening occurs.

6. Normal Stresses

We next consider the normal stress differences. By using the
series expansion of ξ eq 4.1a, we find

Ni ¼ N
ð2Þ
i _γ2 þN

ð4Þ
i _γ4 þN

ð6Þ
i _γ6 þ 3 3 3 ð6:1aÞ

Ψi ¼ Ψð0Þ
i þΨð2Þ

i _γ2 þΨð4Þ
i _γ4 þ 3 3 3 ð6:1bÞ

where Ψi
(j) = Ni

(jþ2). The odd-order terms are zero due to the
symmetry.

6.1. Sign of Normal Stresses in the Small Shear-Rate Limit.
Here we consider the first termΨi

(0) in the series expansion of
the normal stress coefficients. By using ξ(2), we find

Ψð0Þ
i ¼ - c

ðiÞ
02

Z
dr ψ0

r4fF

β2
- c

ðiÞ
20

Z
dr ψ0

r5fF

β2
F 0

F
- F -

1

r
-

β0

β

 !

ð6:2Þ
In the case of the first normal stress coefficient (c02

(1) = -8π/
15, c20

(1) = 0), we have

Ψð0Þ
1 ¼ 8π

15

Z
dr ψ0

r4fF

β2
ð6:3Þ

This shows that Ψ1
(0) is always positive.

In the case of the second normal stress coefficient (c20
(2) =

8π/105, c02
(2) = 8π/15 = 7c20

(2)), we have

Ψð0Þ
2 ¼ c

ð2Þ
20

Z
dr ψ0

r5fF

β2
f 0

f
-

1

r

� �
- c

ð2Þ
20

Z
dr ψ0

r5fF

β2
β0

β

ð6:4Þ
The first term is always zero for Gaussian chain (A = 0),
while the second term is zero in the GT limit (g = 0).
Therefore, Ψ2

(0) = 0 in the GT limit of Gaussian chains. If
g > 0 and A = 0, Ψ2

(0) < 0 by the contribution from the
second term. These results forGaussian chains are consistent
with those obtained by TE18. On the other hand, in the GT
limit (g = 0) of nonlinear chains (A > 0), Ψ2

(0) becomes
positive by the contribution from the first term.

In general, the sign of the second normal stress coefficient
is determined by competition between the first and second
terms. If the contribution from the nonlinear stretching is

superior to that of the chain breakage,Ψ2
(0) becomes positive.

This molecular mechanism is similar to that of shear thick-
ening of the viscosity. Indeed, there is a strong correlation
between these two phenomena as shown in Figure 4; the line
for Ψ2

(0) lies close to the line for σxy
(3).

6.2. Thickening of Normal Stress Coefficients. To discuss
the shear-rate dependence of the normal stress coefficients,
we next consider the second termΨi

(2) in the series expansion
eq 6.1b. After straightforward but tedious calculation, we
find that Ψi

(2) is given as

Ψð2Þ
i ¼ Ψð2:1Þ

i þΨð2:2Þ
i ð6:5aÞ

Ψð2:1Þ
i ¼

Z
dr ψ0

r6fF

β4
48c

ðiÞ
22 - 80c

ðiÞ
40 - 3c

ðiÞ
04

� �1
r

�

þ 6c
ðiÞ
22 - 19c

ðiÞ
40

� � f 0
f
- c

ðiÞ
40

rf 00

f

	
F 0

F
- F -

1

r
-

β0

β

 !
ð6:5bÞ

Ψð2:2Þ
i ¼

Z
dr ψ0

r7fFβ0

β5
- 8c

ðiÞ
22 þ 29c

ðiÞ
40

� �1
r

�(

þ c
ðiÞ
40 3

f 0

f
- 3

β0

β
þ β00

β0

 !#
F 0

F
- F -

1

r
-

β0

β

 !

þ 1

r
- c

ðiÞ
22 þ c

ðiÞ
04

� �1
r
þ c

ðiÞ
22 - 3

β0

β
þβ00

β0

 !2
4

3
5
9=
;þ ζð2ÞΨð0Þ

i

ð6:5cÞ
where f 00 stands for d2f/dr2.

In the case of the first normal stress difference (c22
(1)= -8π/

315, c40
(1) = 0, c04

(1) =-16π/35), eqs 6.5b and 6.5c are written as

Ψð2:1Þ
1 ¼ 16π

105

Z
dr ψ0

r6fF

β4
f 0

f
-

1

r

� �
F þ 1

r
-

F 0

F
þβ0

β

 !

ð6:6aÞ

Ψð2:2Þ
1 ¼ -

8π

315

Z
dr ψ0

r6fFβ0

β5
8F - 8

F 0

F
þ 25

r
þ 5

β0

β
þ β00

β0

 !

þ ζð2ÞΨð0Þ
1 ð6:6bÞ

We here consider some simple cases using the GT limit and
Gaussian chains. We find Ψ1

(2.1) = 0 for Gaussian chains

Figure 4. State diagram of thickening of the shear viscosity and the first normal stress coefficient, and of the sign inversion of the second normal stress
coefficient for the polymer chain of n = 100 (a) in double logarithmic scale and (b) in linear scale.
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(A = 0) and Ψ1
(2.2) = 0 in the GT limit (g = 0). Therefore,

Ψ1
(2) = 0 in the GT limit of Gaussian chains.
If g>0andA=0, the first term inΨ1

(2.2) is negativewhile
the second term ζ(2)Ψ1

(0) is always positive. By the numerical
calculation, it is shown that ζ(2)Ψ1

(0) is smaller than the first
term. Therefore, Ψ1

(2) < 0, indicating that the first normal
stress coefficient shows shear thinning for Gaussian chains.

In the GT limit (g=0) of nonlinear chain (A>0),Ψ1
(2.1)

> 0 and hence Ψ1
(2) > 0. This indicates that thickening of

the first normal stress coefficient occurs due to the effect of
nonlinear stretching of bridge chains. The mechanism of
thickening of the first normal stress coefficient is similar to
that of the viscosity and the sign inversion of the second
normal stress coefficient. Figure 4 clearly shows that the
borderline for thickening of Ψ1 has a similar tendency to
those for thickening of the viscosity and the sign inversion of
Ψ2.

We next consider the second normal stress coefficient. By
using the values for the second normal stress coefficient,
c22
(2) = 16π/315, c40

(2) = 16π/1155, c04
(2) = 16π/35, we find

Ψð2:1Þ
2 ¼-

16π

385
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In Figure 5, we show the positive and negative regions of
Ψ2

(2) on the A-g plane. The behavior of Ψ2
(2) is quite

different from the previous cases.
Here we discuss the GT limit (g=0), whereΨ2

(2.2) = 0. If
the chain is Gaussian, Ψ2

(2.1) = 0. In the case of nonlinear
chain (A > 0), it is shown that Ψ2

(2.1) > 0 by using eq 3.2.
Since the first term Ψ2

(0) in the expansion is positive in the
GT limit, the absolute value ofΨ2 increases with shear rate.

In general, since the sign of the second normal stress
difference in the small shear-rate limit changes depending
on A and g as shown in Figures.4 and 6, it is necessary to
define thickening or thinning in the second normal stress
coefficient for its absolute value. If we define thickening as a
case where the absolute value of Ψ2 increases, the shear-
thickening regions for Ψ2 correspond to the region where
Ψ2

(0) > 0 andΨ2
(2) > 0, and that whereΨ2

(0) < 0 andΨ2
(2)

< 0 on the A - g plane in Figure 5.
6.3. Order of Thickening and Sign Inversion. Finally, we

discuss the shear rates in which the viscosity and the normal
stress coefficients take maximum. To obtain the maximum
shear rates analytically, higher order terms in the series
expansion of the stress tensor are necessary. Since it is
difficult to obtain the higher order terms, we study this
problem by the numerical integration of eq 2.12.

Let γ·max (η) and γ·0 (Ψi) be the shear rates at which the
viscosity and the ith normal stress coefficients take maxi-
mum, respectively. Also, γ·0 (Ψ2) is defined as the shear
rate where the sign inversion occurs in the second normal
stress coefficient. The numerical results are shown inFigure 7,
where the shear rates are scaled by γ·max (η). In Figure 7a,
the ratio of the characteristic shear rates are shown as a

function of A at g = 0.001. With increasing A, γ·max (Ψi)/
γ·max (η)’s decrease, while γ·0 (Ψ2) increases. In Figure 7b, the
ratio of the shear rates are shown as a function of g atA=1.
Except for the increase in γ·0 (Ψ2)/γ·max (η) at small g, the
ratios are almost constant independent of g. This tendency is
commonly observed in other values of A. Therefore, we
conclude that the ratios of the maximum shear rates are
predominantly determined by A.

As for the order of the occurrence of thickening and the
sign inversion, Figure 7 shows γ·max (Ψ2)< γ·max (Ψ1)< γ·max

(η) except for the small-A region (A < 0.15). The sign
inversion occurs at a larger shear rate than that of shear
thickening of the viscosity.

7. Weissenberg Effect

We here consider the Weissenberg effect36,37 expected in
telechelic associating polymers. The condition for the rod-clim-
bing phenomenon in slow flows is given by38

N2=N1 > - 1=4 ð7:1Þ
It is shown that this relation is satisfied for reasonable parameters
in the present theory (Figure 8). To violate the relation eq 7.1, the
coupling constant g should be larger than 5� 104, which is much
larger than those obtainedby the fittingwith experiments (eq 9.4b
and refs 31 and32). Therefore, the rod-climbingphenomenon can
be observed in telechelic associating polymers. Since the magni-
tude of the rod-climbing is proportional to (N1 þ N2)/4, the rod-
climbing effect is enhanced by increasing the rotational speed of
rods in the shear-thickening region, and then suddenly disappear
at a higher speed due to strong shear shinning. Flow instabilities
at larger shear rates, such as fracture of networks and shear

Figure 5. State diagram of the sign inversion and thickening of the
second normal stress coefficient in double logarithmic scale (n= 100).

Figure 6. Second normal stress coefficient obtained by the numerical
calculation as a function of shear rate. The coupling constant g is
changed from curve to curve, ranging from 0.01 to 1 at n=100,A=1.
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banding,11,27 are expected to induce more drastic changes in
macroscopic phenomena by normal stress effects.

8. Simulation Results

To confirm the theoretical predictions, we have calculated
the normal stresses by using a molecular dynamics simulation
of a bead-spring model.27 Beads are connected by the finitely
extensible nonlinear elastic springs. Each chain carries end beads
interacting with cross-linkers through associative potential with
strength εa. Time, length, and energy are scaled by the usual
Lennard-Jones units. Details of the model and simulation meth-
od have been described in ref 27. In Figure 9, we present the
normal stress coefficients in the case that shear thickening of the
shear viscosity is observed (εa/kBT = 7.5 in ref 27).

The first normal stress coefficient shows thickening at moder-
ate shear rates at around γ·= 0.3, and rapidly decreases compared
to η at larger shear rates. The maximum shear rate for Ψ1,
γ·max (Ψ1), is smaller thanγ·max (η), which agreeswith the theoretical
prediction. The second normal stress coefficient Ψ2 takes positive
values as predicted by the theory. It is difficult to determinewhether
thickening ofΨ2 occurs or not due to large errors. At larger shear
rates,Ψ2 decreases and is close to zero at γ· = 0.1. AlthoughΨ2 is
expected to be negative according to the theoretical result
(Figure 3b), it is difficult to obtain the normal stresses with high
accuracy at larger shear rates γ· > 0.1 due to the occurrence of
fracture of networks.27 Details of the simulation results on the
normal stresses will be discussed in our forthcoming paper.

It should be noted that the numerical results showing thicken-
ing of the first normal coefficientwere presented in refs 25 and 26,
where thickening is caused by the increase in the number of bridge
chains by shear flow. Therefore, the molecular mechanism of
thickening is different from that of the present case (nonlinear
stretching of bridge chains).

9. Comparison with Experiments

We compare the theoretical results with the experimental ones.
Pellens et al.12 studied the first normal stress coefficient ofHEUR
with hexadecyl end groups. The experimental results are shown in
Figure 10. They reported that, in the small shear-rate region, the
measured values of the first normal stress coefficientΨ1 satisfies
the relation obtained by the linear viscoelasticity:

Ψ1ð _γÞ ¼ 2G0ðωÞ
ω2

ð9:1Þ

The measured values deviates from the relationship eq 9.1 at
higher shear rates, but does not increase with shear rate even in
the region where the shear viscosity exhibits shear thickening.

This experimental result can be interpreted by the theoretical
result shown inFigure 4, inwhich there is a regionwhere the shear
viscosity increases with shear rate whereas the first normal stress
coefficient decreases. We consider that the experimental condi-
tion for the data in Figure 10 is located in this region. To compare
more quantitatively, we also present the theoretical results in
Figure 10. The parameters in the theory is estimated by the
molecular properties, the experimental conditions, and the fitting
with the experimental results on the dynamic mechanical moduli
and the nonlinear steadyviscosity. The number of segments of the
PEO main chain is estimated as n = 119 on the basis of the
literature value of theKuhn length a=0.7 nm39 and the length of
amonomeric unit a0=0.36 nm.From the polymer concentration
c=2.9wt%and themolecular weightMw=20000, the number
density ν of polymers is

ν ¼ cNA

Mw
¼ 8:99� 1023 m-3 ð9:2Þ

In the case of T = 293 K, we have

νkBT ¼ 3637 Pa ð9:3Þ
For the parameter A characterizing the nonlinearity in the chain
tension, we fitted eq 3.2 to the data of the tension-elongation
curve obtained directly by AFMmeasurement39 and found A=
5 for the optimal value. By the fitting with the experimental
results on the dynamic mechanical moduli and the nonlinear
steady viscosity, we have

β0 ¼ 9:5 s- 1 ð9:4aÞ

g ¼ 0:16 ð9:4bÞ

R ¼ 1:48 s- 1 ð9:4cÞ
The theoretical results by using these parameter are shown
in Figure 10. At high shear rates, the theoretical values are

Figure 7. Characteristic shear rates of the normal stress coefficients, _γmax(Ψi), _γmax(Ψ2), and _γ0(Ψ2), scaled by _γmax(η) for the polymer chain of n=
100 as a function of the nonlinear parameter A (a) and of the coupling constant g (b).

Figure 8. Condition for the rod-climbing effect on the A-g plane
together with those for thickening and the sign inversion of the normal
stress coefficients (n = 100).
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somewhat larger than the experiment ones, but the experimental
results are well described by the theory. The obtained value g =
0.16 for A=5 is very close to the boundary of thickening ofΨ1.
Therefore, we expect that if the experimental condition is changed
to enhance the effect of the nonlinear stretching of bridge chains
compared to that of the dissociation rate of associative groups,
thickening of Ψ1 should be observed. According to ref 9, shear
thickening is enhanced by the increase in the length of the
hydrophobic groups and the decrease in the polymer concentra-
tion. It is very interesting to measure the first normal stress
coefficient of telechelic polymers with more strong hydrophobic
groups at lower concentrations.

10. Conclusions and Discussion

We have studied the behavior of the normal stresses in net-
works composed of telechelic associating polymers under steady
shear flow on the basis of the transient network theory. We
numerically showed that the first and second normal stress
coefficients show thickening as a function of shear rate, and that
the sign of the secondnormal stress coefficient changes depending
on the nonlinearity in the chain tension, the dissociation rate of
the associative groups from junctions, and the shear rate. By
analytic calculation, we showed that, in the limit of small shear-
rate, the sign inversion occurs by competition between the non-
linear stretching and the dissociation of associative groups. The
molecular mechanism of the sign inversion is similar to that of
thickening of the viscosity.We also showed that thickening of the
first normal stress coefficient has a similar molecular origin. On

the other hand, thickening of the second normal stress difference
is causedby other complexmolecularmechanism.The theoretical
predictions on thickening of the first normal stress coefficient,
and on the positivity of the second normal stress coefficient are
confirmed by molecular dynamics simulations of a bead-spring
model.

As long as we know, there is no experimental report on
thickening of the normal stress coefficients and the sign inversion
of the second normal stress coefficient in telechelic associating
polymers. As shown in Figure 4, the second normal stress
coefficient is always positive in the region where the viscosity
shows thickening. Since thickening of the viscosity widely ob-
served in telechelic associating polymers, the positive second
normal stress coefficient should be obtained by precise measure-
ments. Once the positive second normal stress coefficient is
measured, the sign inversion by the increase of the shear rate
shown in Figure 3 is also expected to be observed under the same
experimental condition. Detailed and precise experiments on the
second normal stress difference in associating polymers are very
desirable.

We finally emphasize the importance of the second normal
stress coefficient in the rheology of telechelic associating poly-
mers. To understand the molecular mechanism of rheological
properties of this system, there are two important factors, i.e.,
the nonlinearity in the chain tension and the dissociation rate
of associative groups from junctions. Although the two factors
appear in the expression eq 5.2b for shear thickening of the
viscosity, they are coupled in a complicated way. On the
other hand, the second normal stress coefficient can be ex-
pressed by the simple sum of the two effects in the small shear-
rate limit as shown in eq 6.4. This means that competition
between two effects can be directly observed in the second normal
stress coefficient.
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AppendixA. Expansion of theDistribution Function inPowers
of Shear Rate

To derive the series expansion of ξ and σij, we use polar
coordinates (x = r sin θ cos φ, y = r sin θ sin φ, and z = r
cos θ) and define abbreviated notations

F � sin θ sin φ, Θ � sin2 θ sin φ cos φ

Figure 9. Normal stress coefficients obtained bymolecular dynamics simulation.27The first and secondnormal stress coefficients are presented inparts
a and b, respectively, together with the stationary shear viscosity as a function of the shear rate.

Figure 10. Comparison of the steady shear viscosity and the first
normal stress coefficient between theory and experiment.12 Experimen-
tal and theoretical results are shown by symbols and solid lines,
respectively.



3060 Macromolecules, Vol. 43, No. 6, 2010 Koga and Tanaka

The operator P̂ acts only on the functions of r. Simple calculation
gives

P̂1 ¼ - ΘðrFÞ
which gives ξ1. Similarly we have

P̂ξ1 ¼ ½F2 þΘ2ðp̂- 2Þ�rF
β

where the operator p̂ is defined by

p̂ � r
d

dr
- FðrÞ

� �

We then have ξ2 in eq 4.3c. Repeating the similar operations,
we find, after lengthly calculation, the higher order terms ξ(3) in
eq 4.3 in the text and ξ(4):

ξð4Þ ¼ -
1

β
- Θ2 r

β3
β0 þ rβ00-

3rβ02

β

 !
½F2 þΘ2ðp̂- 2Þ�rF

β

- Θ2rβ
0

β3
½3F2 þΘ2ðp̂- 4Þ�ðp̂- 2ÞrF

β

- ðF2 - 2Θ2Þrβ
0

β3
½F2 þΘ2ðp̂- 2Þ�rF

β

- 2Θ2rβ
0

β3
½3F2 þΘ2ðp̂- 4Þ�ðp̂- 2ÞrF

β

þ 1

β2
½3F4 þ 6Θ2F2ðp̂- 4ÞþΘ4ðp̂- 6Þðp̂- 4Þ�ðp̂- 2ÞrF

β

þ ζð2Þ½F2 þΘ2ðp̂- 2Þ�rF
β
þ ζð4Þ ðA:1Þ

Upon such decomposition, we are led to the following angular
integrals:

clm �
Z

sin θ dθ dφ ΘlFm

cð1Þmn �
Z

sin θ dθ dφ Θ1Θ
mFn

cð2Þmn �
Z

sin θ dθ dφ Θ2Θ
mFn

whereΘ1� sin2 θ (1- 2 sin2 φ) andΘ2� sin2 θ (1þ sin2 φ)- 1.
The numerical constants arising from the angular integrals are

c20 ¼ 4π

15
, c40 ¼ 4π

105

c
ð1Þ
20 ¼ 0, c

ð1Þ
02 ¼ -

8π

15
, c

ð2Þ
20 ¼ 8π
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